
Asymmetric Factorizations of Matrix Functions on the Real Line

L.P. Castro, R. Duduchava, and F.-O. Speck

Departamento de Matemática
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1. Introduction
In 1968, I.B. Simonenko published his celebrated paper Some general questions in the the-
ory of the Riemann boundary problem [Si] that gave rise to intensive studies on Riemann
problems, singular integral and Toeplitz operators, etc. including the concepts of general-
ized factorization [ClGo], Φ–factorization [LiSp] and Wiener-Hopf factorization [BöSi].
In that paper, I. Simonenko gave a rather general definition of factorization of matrices
with measurably functions as entries. He proved equivalence of generalized factorization
with the solvability of the corresponding systems of singular integral operators and gave
many properties of generalized factorization. The paper [Si] continuous to influence the
investigations more than four decades already.

This article was started during the second author’s visit to Instituto Superior Técnico, U.T.L., and Universidade
de Aveiro, Portugal, in February–March 2005.
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Among the pioneering works on the subject one should mention contributions by
T. Carleman, N. Wiener and H. Hopf, F. Gakhov, N. Muskhelishvili, M. Krein, I. Goh-
berg, I. Simonenko and many others. See also [GoKaSp] for a survey on matrix-valued
functions factorization.

During the last decades, different types of matrix factorizations revealed to be a
powerful tool for solving explicitly many problems, e.g. in mathematical physics. Recent
work on applications in diffraction theory [CaSpTe1, CaSpTe3] initiated a detailed inves-
tigation of Wiener–Hopf plus Hankel operators in spaces of Bessel potentials and their
theoretical background.

The present paper continues the investigation started in [CaSpTe2, CaSp]. Some
related results on factorization of matrix symbols of pseudodifferential operators are ex-
posed in [ChDu, Sh]. Corresponding work for the circle instead of R and the factorization
theory for Toeplitz plus Hankel operators can be found in [Eh]. The present environment
is designed for further applications in mathematical physics as started in [CaSpTe1].

Here we devote particular attention to factorization of matrix-valued functions with
discontinuity at infinity, which plays a crucial role in solving some problems of mathe-
matical physics. We establish a criterion for such matrix-valued functions on the real line
admit, both, an asymmetric and a classical right factorization. It yields the existence of
generalized inverses of matrix convolution type operators with symmetry [CaSpTe2] (or
Wiener-Hopf plus/minus Hankel operators), and provides precise information about the
asymptotical behavior of the factors at infinity, and of the solutions to the corresponding
equations at the origin.

2. Classical Factorization
Let A be a bounded matrix-valued function which belongs to the Zygmund space Z µ(R)
or to the algebra H µ

0 (R), µ > 0 (see Appendix, §A.2) and is supposed to be elliptic:

inf
x∈R

|det A (x)| > 0 (2.1)

The limits A (+∞) and A (−∞) might differ (in contrast to the case A ∈ Z µ(R) or
A ∈ H µ

0 (R) when these limits coincide) and we consider the Jordan normal decompo-
sition of the matrix

A∞ := [A (+∞)]−1A (−∞) = K ΛA∞BA∞(1) K −1 . (2.2)

Here ΛA∞ is a diagonal matrix of eigenvalues of A∞ , BA∞(1) is upper triangular with
entries 1 on the main diagonal and K is an elliptic (det K 6= 0) transformation matrix
(see Appendix, §A.1 for details).

Let λ1, . . . ,λ` be all eigenvalues of the matrix A∞ with the Riesz indices m1, · · · ,
m`, respectively (i.e., λj defines mj linearly independent associated vectors for A∞; see
[Ga]) and

δj :=
1

2πi
log λj , γ < <e δj ≤ γ + 1 , j = 1, . . . , ` (2.3)

for some γ ∈ R.
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Theorem 2.1. Let m = 2, . . ., and A ∈ Z 2(R) (or A ∈ H m
0 (R)) an elliptic N ×N

matrix-valued function. Then

A (x) = [A−(x)]−1Ξ(x)A+(x) , (2.4)

Ξ(x) = A (+∞)K
(

x− i

x + i

)−∆+κ
BA∞

(
1

2πi
log

x− i

x + i

)
K −1 .

Here:

(i) The matrix-valued functions A ±1
− , A ±1

+ belong to Z 1(R) (belong to H m−1
0 (R)).

The factors A ±1
− (x − it) and A ±1

+ (x + it) have uniformly bounded analytic con-
tinuation for t > 0 and A ±1

+ (±∞) = IN , where IN is the identity matrix of order
N .

(ii) The numbers δj are defined in (2.3), the vector ∆ := (δ1, . . . , δ`) has length N
(each δj occurs mj times according to its algebraic multiplicity),κ = (κ1, . . . ,κN )
∈ NN

0 are integers (known as the partial indices of A ) and

h∆+κ := diag {hδ1+κ1 , . . . , hδ`+κN } for h ∈ C

is a diagonal matrix.
(iii) BA∞(z), z ∈ C, is an upper triangular polynomial matrix-valued function related

to the Jordan normal form of A∞, thoroughly described in Appendix, §A.1.

Remark 2.2. The factorization (2.4) depends on a real number γ ∈ R (cf. (2.3)) which
will be fixed uniquely later depending on the space where an operator with the symbol A
is treated.

Proof of Theorem 2.1. Let

A ∗(x) = (x− i)∆B−(x)A1(x)B−1
+ (x)(x + i)−∆,

(2.5)
A1(x) = K −1A −1(+∞)A (x)K ,

where B±(x) are related to the Jordan normal form of A∞ and are defined by (A.4). Due
to (2.2) and (2.5), we have

A1(−∞) = lim
x→−∞

A1(x) = K −1[A (+∞)]−1A (−∞)K = ΛA∞BA∞(1) ,

A1(+∞) = lim
x→+∞

A1(x) = IN .
(2.6)

According to their definition, the matrix-valued functions B±(x) and BA∞(x) are block-
diagonal with blocks of upper triangular matrices of dimensions m1, . . . ,m`. The matri-
ces ΛA∞ and (x − i)±∆ are diagonal, with blocks of equal constants (functions) of the
same dimension m1, . . . , m`. Therefore all these matrices commute and have the follow-
ing properties, cf. (A.1)–(A.5):

B±ΛA∞ = ΛA∞B± , (x− i)±∆ΛA∞ = ΛA∞(x− i)±∆ ,

B±BA∞ = BA∞B± , BA∞(−z) = B−1
A∞(z) .

(2.7)
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Based on (2.6) and on (2.7) the matrix-valued function A ∗ in (2.5) can be rewritten as
follows

A ∗(x) = A ±
2 (x) + A ±

3 (x) , (2.8)

A ±
2 (x) = (x− i)∆B−(x)[A1(x)−A1(±∞)]B−1

+ (x)(x + i)−∆ , (2.9)

A +
3 (x) = (x− i)∆B−(x)B−1

+ (x)(x + i)−∆

=
(

x− i

x + i

)∆

BA∞

(
1

2πi
log

x− i

x + i

)

= BA∞

(
1

2πi
log

x− i

x + i

)(
x− i

x + i

)∆

, (2.10)

A −
3 (x) = (x− i)∆B−(x)ΛA BA∞(1)B−1

+ (x)(x + i)−∆

= ΛA BA∞(1)B−(x)B−1
+ (x)(x− i)∆(x + i)−∆

= ΛA BA∞(1)BA∞

(
1

2πi
log

x− i

x + i

)(
x− i

x + i

)∆

= ΛA BA∞(1)A +
3 (x) = A +

3 (x)BA∞(1)ΛA . (2.11)

Further, due to the definition of the function (x± i)±∆ (see (2.3), (2.5)),
(

x− i

x + i

)±∆

=

{
IN + O(〈x〉−1) as x → +∞ ,

Λ∓1
A + O(〈x〉−1) as x → −∞ ,

(2.12)

BA∞

(
1

2πi
log

x− i

x + i

)
=

{
BA∞(1) + O(〈x〉−1) as x → +∞ ,

BA∞(0) = IN + O(〈x〉−1) as x → −∞ ,
(2.13)

where 〈x〉 := (1 + |x|2)1/2. From (2.10)–(2.13) it is clear that A ±
3 (−∞) = A ±

3 (+∞)
and

A ±
3 ∈ Z σ(R) ∩H σ

0 (R) for all σ > 0 . (2.14)

Next we prove that

A ±
2 ∈ Z 2−δ0−ε(R)

(
A ±

2 ∈ H m−δ0−ε
0 (R) , respectively

)
, 0 < δ0 + 2ε < 1 ,

(2.15)
where ε > 0 is arbitrarily small and δ0 is defined by the relations (see (2.3))

0 ≤ δ0 := max
j,q=1,...,N

{<e (δj − δq)} < δ0 + 2ε < 1 . (2.16)

To this end we note that

∂k
xA 0

1 (x) = O(〈x〉−k−1) , A 0
1 (x) := A1(x)−A1(±∞) , (2.17)

where k = 2 in the case of A ∈ Z 2(R) and k = m in the case of A ∈ H m
0 (R). A

typical entry of A ±
2 is

[A ±
2 ]jl = bjl(x)[A 0

1 (x)]jl , j, l = 0, . . . , N ,
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with

bjl(x) := (x− i)δp(x + i)−δq [log(x− i)]r[log(x− i)]s = O
(〈x〉δp−δq+ε

)

and Propositions A.1(i), A.1(iv) with (2.12) and (2.17) yield the claimed inclusion (2.15).

From (2.8), (2.14) and (2.15) we obtain

A ∗ ∈ Z 2−δ0−ε(R)
(
A ∗ ∈ H m−δ0−ε

0 (R) , respectively
)

. (2.18)

Then, due to Proposition A.6, the elliptic matrix-valued function A ∗ admits a classical
right factorization

A ∗(x) = [A ∗
−(x)]−1

(
x− i

x + i

)κ
A ∗

+(x), (2.19)

κ = (κ1, . . . ,κN ) ∈ ZN , Z = {0,±1, . . .}
with factors [A ∗

−(x)]±1, [A ∗
+(x)]±1 belonging to the same algebras as A ∗ (cf. (2.18)).

These factors have uniformly bounded analytic continuations into the half–planes=m x <
0 and =m x > 0, respectively.

Since the limits A ∗
±(∞), A ∗(∞) exist and A ∗(∞) = IN , from (2.19) there follows

[A ∗
−(∞)]−1A ∗

+(∞) = A ∗(∞) = IN .

Therefore, without restricting generality we can assume that A ∗
±(∞) = IN . Then (cf.

(2.19))

∂k
x

[
[A ∗
±(x)]±1 − IN

]
= O

(〈x〉δ0+ε−k−1
)

as x →∞ , (2.20)

where k = 2 in the case of A ∈ Z 2(R) and k = m in the case of A ∈ H m
0 (R).

From (2.5) and (2.19) we find the components of the factorization (2.4):

A±(x) :=M±(x± i)−∆B−1
± (x)A ∗

±(x)B±(x)(x± i)∆M−1
±

= IN + M±(x± i)−∆B−1
± (x)[A ∗

±(x)− IN ]B±(x)(x± i)∆M−1
± , (2.21)

M+ := K , M− := A (+∞)K .

The theorem will be proved if we succeed in verifying the inclusions

〈·〉k∂kA ±1
+ (·), 〈·〉k∂kA ±1

− (·) ∈ Z 1(R) , (2.22)

where k = 0 in the case of A ∈ Z 2(R) and k = m− 2 in the case of A ∈ H m
0 (R).

A typical entry of the matrix A ±1
+ (x)− IN is

[A ±1
+ (x)− IN ]jq = (x + i)δp−δr

∑

l≤q

cjql

[
[A ∗

+(x)]±1
jl − δjl

]
logmlq (x + i) ,

∂k[A ±1
+ (x)− IN ]jq =

{
O

(〈x〉<e(δp−δr)+δ0+2ε−k−1
)

if <e δp > <e δr

O
(〈x〉δ0+2ε−k−1

)
if <e δp ≤ <e δr

(2.23)
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(cf. (2.20)), where mqq = 0 and δjl is the Kroneker’s symbol. From (2.19) we have

A ∗
+ −A ∗

− = A ∗ − IN +
[
IN −

(
x− i

x + i

)κ]
A ∗

+ + [A ∗
− − IN ][A ∗ − IN ] ,

[A ∗
+]−1 − [A ∗

−]−1 = IN − [A ∗]−1 +

[(
x− i

x + i

)−κ
− IN

]
[A ∗
−]−1 (2.24)

+
[
[A ∗
−]−1 − IN

] [
IN − [A ∗]−1

]
,

and applying (2.18) and (2.20) we obtain

∂k
x

[
[A ∗

+]±1(x)− [A ∗
−]±1(x)

]
jl

= O(〈x〉−k−1) + ∂k
x

N∑
r=1

{[A ∗
−]±1

jr − δjr}[A ∗ − IN ]rl

+O
(
〈x〉<e (δj−δl)+ε−k−1

)

=
N∑

r=1

O
(
〈x〉<e (δr−δl)+ε−1−k

)
= O

(
〈x〉δ+

l +ε−1−k
)

where δ+
j := max

q
{<e [δq − δj ]} = <e [δj∗ − δj ] for a certain 1 ≤ j∗ ≤ n (note

that we have inserted ∂l
x{[A ∗

−]±1
jr (x)− δjl} = O(〈x〉δ0+ε−l−1) = O(〈x〉−l); cf. (2.20)).

According to Proposition A.1(i),
[
[A ∗

+]±1 − [A ∗
−]±1

]
jl
∈ H̃ k−δ+

l −ε(R) (we remind that

k = 0 in the case of A ∈ Z 2(R) and k = m− 2 in the case of A ∈ H m
0 (R)).

We will use the Hilbert transformation HR (cf. (A.16)) to define the projections P±R =
1
2
(I ±HR) that eliminate functions, analytic in the half–planes ∓=m x < 0 (see [ClGo,

GoKr]), and are bounded in H̃ µ(R) (see Theorem A.5); hence

[A ∗
±]±1

jl = ±P±R
[
[A ∗

+]±1 − [A ∗
−]±1

]
jl
∈ H̃ k−δ+

l −ε(R)

and, therefore (see (A.9) and cf. (2.20)),

∂k
x

[
[A ∗
±]±1

jl (x)− IN

]
jl

= O
(
〈x〉δ+

l +ε−k−1
)

. (2.25)

Inserting the obtained asymptotic for
[
[A ∗
−]±1

jl (x)− IN

]
jl

into (2.24) and invoking (2.18)

once again we get a more precise asymptotical behavior

∂k
x

[
[A ∗

+]±1(x)− [A ∗
−]±1(x)

]
jl

= O
(〈x〉−k−1

)

+
N∑

r=1

O
(
〈x〉δ+

r +2ε−1+<e (δr−δl)+ε−k−1
)

+ O
(
〈x〉<e (δj−δl)+ε−k−1

)

=
N∑

r=1

O
(
〈x〉<e (δr∗−δl)+3ε−k−2

)
+ O

(
〈x〉<e (δj−δl)+ε−k−1

)

= O
(
〈x〉<e (δj−δl)+ε−k−1

)
,
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where δr∗ := δr + δ+
r . Thus,

[
[A ∗

+]±1 − [A ∗
−]±1

]
jl
∈ H̃ k−<e (δj−δl)−ε(R) and we

conclude, as above, [A ∗
±]±1

jl = ±P±R
[
[A ∗

+]±1 − [A ∗
−]±1

]
jl
∈ H̃ k−<e (δj−δl)−ε(R). The

latter yields (cf. (2.20))

∂k
x

[
[A ∗
±(x)]±1

jl − IN

]
jl

= O
(
〈x〉<e (δj−δl)+ε−k−1

)
.

By virtue of (2.23)

∂k
x [A+]±1

jq (x) = O
(
〈x〉<e (δq−δj)+<e (δj−δl)+2ε−k−1

)
= O(〈x〉θ−k−1)

since δl = δj and since <e (δq − δj) + 2ε = θ < 1. ¤

For further purposes, we recall that a matrix B is called normal if it commutes
with its own transposed matrix B>B = B B>. Moreover, a matrix B is called positive
definite if

(Bη, η) ≥ M |η|2 ∀ η ∈ Cn

with some constant M > 0.

Lemma 2.3. If the matrix A∞ in (2.2) is normal, then it is simple ` = N (i.e., each
eigenvalue λj has algebraic multiplicity 1) and, therefore, A∞ is diagonalizable:

BA∞(x) ≡ I , A∞ = K diag {λ1, . . . , λN}K ∗, (2.26)

det K 6= 0, K −1 = K ∗ .

If the matrices A (±∞) are positive definite, then A∞ in (2.2) is simple, the eigen-
values λ1, . . . , λ` are all real positive numbers and, therefore,

<e δ1 = · · · = <e δ` ≡ 01 . (2.27)

Proof. For the first claim of the lemma we quote [La, Theorem 2.10.2].
The second assertion is proved in [DuSäWe, Lemma A.6] as follows. Since the

matrices A (±∞) are positive definite, the square roots [A (+∞)]±1/2 are well defined
and the matrix

A1(ω) := [A (+∞)]1/2 A∞(ω) [A (+∞)]−1/2

= [A (+∞)]−1/2 A (−∞) [A (+∞)]−1/2
,

due to similarity, has the common eigenvalues, the common eigenvectors and the common
Jordan chains of associated vectors with A∞. On the other hand A1 is self-adjoint, i.e., is
normal and has no associated vectors as noted above. Let η, . . . , ηN ∈ CN be eigenvectors
corresponding to the eigenvalues λ1, . . . , λN ; then

A∞ηj = λjηj , j = 1, . . . , N

and we get

λj =
(A∞(+∞)ηj , ηj)
(A∞(−∞)ηj , ηj)

> 0

because of the positive definiteness of A (±∞). This implies (2.27). ¤
1The numbers δj in (2.3) and νj in [DuSäWe, (A.32)] are related as follows: δj = −iνj .
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3. Asymmetric and Anti-Symmetric Factorizations
In this section we present two different kinds of factorizations of matrix-valued func-
tions which display some symmetries in their structure. These factorizations are tightly
connected with the theory of convolution type operators with symmetry [CaSpTe2]

T = r+F−1B ·F `c : [L2(R+)]
N → [L2(R+)]

N
, (3.1)

and play a central role in the description of (generalized) invertibility properties of such
operators (cf. [CaSp, CaSpTe2]). Here, the operator r+ stands for the restriction to the
positive half-line, F−1 and F are the inverse and direct Fourier transformations, B is
a measurable N × N matrix-valued function, and `c denotes the even (`e) or odd (`o)
extension as a continuous operator from [L2(R+)]N into [L2(R)]N .

We shall also make use of [L2
±(R)]N×N to be the images of the space [L2(R)]N×N

under the the projections

P±R =
1
2
(I ±HR) . (3.2)

For a subspace [X(R)]N×N of [L2(R)]N×N , and a weight function ρ, the notation [X(R, ρ)]N×N

is used for the subspace of those elements B for which ρB ∈ [X(R)]N×N . Additionally,
we will make use of the subspaces

[L2,e(R, ρ)]
N×N

=
{

B ∈ [L2(R, ρ)]
N×N

: B(x) = B(−x)
}

[L2,o(R, ρ)]
N×N

=
{

B ∈ [L2(R, ρ)]
N×N

: B(x) = −B(−x)
}

.

Definition 3.1. A matrix-valued function B ∈ G [L∞(R)]N×N (i.e., B is invertible in
[L∞(R)]N×N ) admits an asymmetric generalized factorization with respect to L2 and `e,
written as

B(x) = B−(x)
(

x− i

x + i

)κ

Be(x) , x ∈ R , (3.3)

if κ = (κ1, . . . , κN ), with κ1, . . . , κN ∈ Z,

B− ∈ [L2
−(R, λ−2

− )]
N×N

, B−1
− ∈ [L2

−(R, λ−1
− )]

N×N
, (3.4)

Be ∈ [L2,e(R, λ−1)]N×N
, B−1

e ∈ [L2,e(R, λ−2)]N×N (3.5)

and if

Ve = A−1
e `er+A−1

− (3.6)

is an operator defined on a dense subspace of [L2(R)]m possessing a bounded extension
to [L2(R)]m, with

Ae = F−1Be ·F , (3.7)
A− = F−1B− ·F . (3.8)
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As usual, the factor spaces (where the factors of B can be found) are the closures
of the spaces of bounded rational functions without poles in the closed lower half–plane
C− = {ξ ∈ C : =m ξ ≤ 0} or of those which are even, respectively, due to the weighted
L2 norm.

When all κj components of κ in (3.3) are zero, we will denote the factorization as a
canonical asymmetric generalized factorization with respect to L2 and `e and so we shall
use the word canonical as in other kinds of factorizations.

Definition 3.2. We will say that a matrix-valued function B ∈ G [L∞(R)]N×N admits
an asymmetric generalized factorization with respect to L2 and `o, if it is factorable in the
form of (3.3), with κ = (κ1, . . . , κN ), κ1, . . . , κN ∈ Z,

B− ∈ [L2(R, λ−1
− )]

N×N
, B−1

− ∈ [L2
−(R, λ−2

− )]
N×N

, (3.9)

Be ∈ [L2,e(R, λ−2)]N×N
, B−1

e ∈ [L2,e(R, λ−1)]N×N (3.10)

and if
Vo = A−1

e `or+A−1
− (3.11)

is an operator defined on a dense subspace of [L2(R)]N possessing a bounded extension
to [L2(R)]N , and with Ae and A− as in (3.7) and (3.8), respectively.

Given a matrix-valued function A , on the real line, we will abbreviate by Ã that
one defined by

Ã (x) = A (−x) , x ∈ R . (3.12)

Definition 3.3. A matrix-valued function C ∈ G [L∞(R)]N×N admits an anti-symmetric
generalized factorization with respect to L2 and `e

C (x) = C−(x)
(

x− i

x + i

)2κ

C̃−1
− (x) , x ∈ R , (3.13)

with integer valued partial indices κ = (κ1, . . . , κN ), κ1, . . . , κN ∈ Z, if:
(i) the factors belong to the following spaces

C− ∈ [L2
−(R, λ−2

− )]
N×N

, C−1
− ∈ [L2

−(R, λ−1
− )]

N×N
; (3.14)

(ii) the operator
Ue = Ã−`er+A−1

− (3.15)

defined on a dense subset of [L2(R)]N has a bounded extension to [L2(R)]N (where
Ã− = F−1C̃− ·F and A− = F−1C− ·F ).

Definition 3.4. We will say that a matrix-valued function C ∈ G [L∞(R)]N×N admits
an anti-symmetric generalized factorization with respect to L2 and `o, if:

(i) C is decomposed as in (3.13) with integer valued partial indices κ = (κ1, . . . , κN ),
κ1, . . . , κN ∈ Z;

(ii) the factors belong to the following spaces

C− ∈ [L2
−(R, λ−1

− )]
N×N

, C−1
− ∈ [L2

−(R, λ−2
− )]

N×N
;



10 Castro, Duduchava and Speck

(iii) the operator

Uo = Ã−`or+A−1
− (3.16)

defined on a dense subset of [L2(R)]N has a bounded extension to [L2(R)]N (where
Ã− = F−1C̃− ·F and A− = F−1C− ·F ).

In the next result we will explore a link between asymmetric and anti-symmetric
generalized factorizations, which is useful for transferring results between the two types
of factorizations.

Lemma 3.5. Let B ∈ G [L∞(R)]N×N and consider C = B B̃−1.

(i) If B admits an asymmetric generalized factorization with respect to L2 and `c,

B(x) = B−(x)
(

x− i

x + i

)κ

Be(x) , x ∈ R , (3.17)

then C admits an anti-symmetric generalized factorization with respect to L2 and
`c in the form

C (x) = B−(x)
(

x− i

x + i

)2κ

B̃−1
− (x) , x ∈ R . (3.18)

(ii) If C admits an anti-symmetric generalized factorization with respect to L2 and `c,

C (x) = C−(x)
(

x− i

x + i

)2κ

C̃−1
− (x) , x ∈ R , (3.19)

then B admits an asymmetric generalized factorization with respect to L2 and `c in
the form

B(x) = C−(x)
(

x− i

x + i

)κ
((

x− i

x + i

)−κ

C−1
− (x)B(x)

)
, x ∈ R , (3.20)

where
(

x−i
x+i

)−κ

C−1
− (x)B(x) is the even factor (cf. (3.3)).

Proof. We will present the proof for `c = `e. The case `c = `o runs analogously, with
obvious changes.

(i) Assuming an asymmetric generalized factorization with respect to L2 and `e for
B,

B(x) = B−(x)
(

x− i

x + i

)κ

Be(x) , x ∈ R , (3.21)

with κj ∈ Z, j = 1, . . . , N , B− ∈ [L2
−(R, λ−2

− )]
N×N

, B−1
− ∈ [L2

−(R, λ−1
− )]

N×N
,

Be ∈ [L2,e(R, λ−1)]N×N , B−1
e ∈ [L2,e(R, λ−2)]N×N and where

Ve = F−1B−1
e ·F `er+F−1B−1

− ·F (3.22)
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is an operator defined on a dense subspace of [L2(R)]N possessing a bounded extension
to [L2(R)]N , we start by choosing the same “minus” factor B− for the factorization of C
and observe in addition that

B̃−1(x) = B−1
e (x)

(
x− i

x + i

)κ

B̃−1
− (x) (3.23)

holds due to the even property of Be. Therefore,

C (x) = B(x) B̃−1(x) =
(

B−(x)
(

x− i

x + i

)κ

Be(x)
)(

B−1
e (x)

(
x− i

x + i

)κ

B̃−1
− (x)

)

= B−(x)
(

x− i

x + i

)2κ

B̃−1
− (x) , (3.24)

with

B− ∈ [L2
−(R, λ−2

− )]
N×N

, B−1
− ∈ [L2

−(R, λ−1
− )]

N×N
, (3.25)

or equivalently

B̃− ∈ [L2
+(R, λ−2

+ )]
N×N

, B̃−1
− ∈ [L2

+(R, λ−1
+ )]

N×N
. (3.26)

The supposition of having an asymmetric generalized factorization includes that

V = F−1B−1
e ·F `er+F−1B−1

− ·F (3.27)

is a bounded operator (densely defined) in [L2(R)]N . As in the theory of generalized
factorizations [Kr, § 9], this last condition (3.27) can be equivalently replaced by others.
In particular, together with (3.23) we obtain that

Ue = F−1B̃− ·F `er+F−1B−1
− ·F (3.28)

is a bounded operator also (densely defined) in [L2(R)]N .
(ii) If C admits an anti-symmetric generalized factorization with respect to L2 and

`e,

C (x) = B(x) B̃−1(x) = C−(x)
(

x− i

x + i

)2κ

C̃−1
− (x) , x ∈ R , (3.29)

then choosing

Be(x) =
(

x− i

x + i

)−κ

C−1
− (x)B(x) (3.30)

B−(x) = C−(x) (3.31)

it directly follows that

B(x) = B−(x)
(

x− i

x + i

)κ

Be(x) , x ∈ R . (3.32)
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In addition, due to (3.29), we have

C−1
− (x)B(x) B̃−1(x) =

(
x− i

x + i

)2κ

C̃−1
− (x) (3.33)

C̃−1
− (x) B̃(x) =

(
x− i

x + i

)−2κ

C−1
− (x)B(x) , (3.34)

and therefore (cf. (3.30) and the first identity in (3.29))

B̃e(x) =
(

x− i

x + i

)κ

C̃−1
− (x) B̃(x) =

(
x− i

x + i

)−κ

C−1
− (x)B(x) = Be(x) , (3.35)

which in particular shows that Be is an even function.
Now, due to the anti-symmetric generalized factorization of C , we already know

that

B− = C− ∈ [L2
−(R, λ−2

− )]
N×N

, B−1
− = C−1

− ∈ [L2
−(R, λ−1

− )]
N×N

(3.36)

which together with the fact that B ∈ G [L∞(R)]N×N , and the form of the even function
Be in (3.30) leads to

Be ∈ [L2,e(R, λ−1)]
N×N

, B−1
e ∈ [L2(R, λ−2)]

N×N
. (3.37)

Finally, similarly as in part (i), we obtain that

Ve = F−1B−1
e ·F `er+F−1B−1

− ·F (3.38)

is bounded in [L2(R)]N (as an extended operator from a dense subspace). ¤

Theorem 3.6. Let m = 2, . . ., C ∈ Z 2(R) (or C ∈ H m
0 (R)) be a N × N elliptic

matrix-valued function and

C∞ := [C (+∞)]−1C (−∞) . (3.39)

Let λ1, . . . , λ` be all eigenvalues with Riesz indices m1, · · · ,m` of the matrix C∞, and
consider the Jordan normal decomposition of C∞,

C∞ = K ΛC∞BC∞(1)K −1 (3.40)

(cf. the Appendix A.1 for details). Further, let

δj :=
1

2πi
log λj , γ < <e δj ≤ γ + 1 , j = 1, . . . , ` (3.41)

for some γ ∈ R, and consider

C ∗(x) := (x− i)∆B−(x)C1(x)B−1
+ (x)(x + i)−∆, (3.42)

C1(x) := K −1C−1(+∞)C (x)K ,

with ∆ = (δ1, . . . , δ`) having length N (where each δj occurs mj times according
to its algebraic multiplicity) and B±(x) are related to the Jordan normal form of C∞
(cf. (A.4)).
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If C ∗ admits an anti-symmetric factorization (within the later mentioned classes),

C ∗(x) = C ∗
−(x)

(
x− i

x + i

)2κ
[C̃ ∗−(x)]

−1
, (3.43)

κ = (κ1, . . . ,κN ) ∈ ZN ,

then the initial matrix C admits the factorization

C (x) = C−(x) Ξ(x) [C̃−(x)]
−1

, (3.44)

Ξ(x) = C (+∞)K
(

x− i

x + i

)−∆+2κ
B−1

C∞

(
1

2πi
log

x− i

x + i

)
K −1 ,

where the matrix-valued functions C±1
− belong to Z 1(R) (or belong to H m−1

0 (R), re-
spectively), and C±1

− (x− it) have uniformly bounded analytic continuation for t > 0.

The proof of Theorem 3.6 runs analogously as the proof of Theorem 2.1, considering
only obvious differences due to the present symmetries of the matrices. The proof is
therefore omitted in here.

This last result (together with Lemma 3.5) can be used in the description of the (gen-
eralized) inverses of convolution type operator with symmetry T (introduced in (3.1)), as
described in [CaSpTe2, Theorem 3.2].

A. Appendix
In the Appendix we have collected related results which either are known and are applied
in the foregoing sections, or might be useful for further considerations. In our exposition
we follow mostly [ChDu, §§ 1.6–1.7].

A.1. Jordan Decomposition
Let B be an elliptic N × N matrix (det B 6= 0) and λ1, . . . , λ` be the eigenvalues of
B with algebraic multiplicities m1, . . . ,m`, respectively. Hence the length of the chain

of associated vectors with the eigenvalue λj is
∑̀
j=1

mj = N . Then B has the following

decompositions

B = K0JBK −1
0 = K ΛBBB(1)K −1 ,

detK0 6= 0, detK 6= 0 , (A.1)

where the matrices BB and JB are quasi–diagonal

JB := ΛB + HB = diag {λ1Im1 + Hm1 , . . . , λ`Im`
+ Hm`

}
BB(x) := diag {Bm1(x), . . . , Bm`

(x)} , x ∈ C ,

Bm(z) := exp(zHm), z ∈ C ,

ΛB := diag {λ1Im1 , . . . , λ`Im`
} ,

HB := diag {Hm1 , . . . , Hm`
} ;
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Im is the identity and Hm is a nilpotent matrix that satisfies Hm
m = 0 :

Im :=




1 0 0 · · · 0 0
0 1 0 · · · 0 0
· · · · · · · ·
0 0 0 · · · 1 0
0 0 0 · · · 0 1




m×m

, Hm :=




0 1 0 · · · 0 0
0 0 1 · · · 0 0
· · · · · · · ·
0 0 0 · · · 0 1
0 0 0 · · · 0 0




m×m

.

The first representation in (A.1) is known as the Jordan normal form and λIm + Hm is
the Jordan cell of dimension m

λIm + Hm =




λ 1 0 · · · 0 0
0 λ 1 · · · 0 0
· · · · · · · ·
0 0 0 · · · λ 1
0 0 0 · · · 0 λ




m×m

.

Since Bm(z) = exp(zHm), z ∈ C, and Hm is nilpotent, the exponent has a finite
expansion

Bm(z) := exp(zHm) := In +
m−1∑

k=1

zk

k!
Hk

m

=




1
z

1!
z2

2!
· · · zm−2

(m− 2)!
zm−1

(m− 1)!

0 1
z

1!
· · · zm−3

(m− 3)!
zm−2

(m− 2)!
· · · · · · · ·
0 0 0 · · · 1

z

1!
0 0 0 · · · 0 1




m×m

, z ∈ C .

The sets {BB(z)}z∈C and {Bm(z)}z∈C are one parameter groups (see [Ar, §§ 14–
23]) of matrix operators, and have the following properties:

BB(z1 + z2) = BB(z1)BB(z2) ,

BB(0) = IN , BB(−z) = [BB(z)]−1
, (A.2)

[BB(z)]γ := exp(zγHB) = BB(γz) , z, γ ∈ C .

According to the definition, e.g., in [Ga, §V.1]

b =
1

2πi
log B :=

1
(2π)2

∫

Γ

[B − zI]−1 log z dz,

where I is the identity matrix, Γ is a closed contour, surrounding all eigenvalues λ1, . . . , λ`

of B and leaving outside the negative real half–axes <e z ≤ 0. We assume log z :=
log |z|+ iArgz, −π < Argz < π.
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Here is the “purely algebraic” definition of the above presented logarithm:

b =
1

2πi
log B :=

∞∑

k=0

(−1)k

k!
Bk =

1
2πi

K log [ΛBBB(1)] K −1

= K

{
∆ +

1
2πi

HB

}
K −1 , (A.3)

∆ :=
1

2πi
log ΛB = diag

{
δ1, . . . , δ1︸ ︷︷ ︸
m1 –times

, . . . , δ`, . . . , δ`︸ ︷︷ ︸
m`–times

}
, δj :=

1
2πi

log λj .

Introducing the notation

B±(x) := BB

(
1

2πi
log(x± i)

)
, (A.4)

where the branch of the logarithm is fixed in the complex plane cut along the ray {z ∈
C : arg z = γ0}, we find (cf. (A.2))

BB

(
1

2πi
log

x− i

x + i

)
= B−(x)B−1

+ (x)

=

{
[BB(1)]−1 + O

(|x− i|−1
)

if x → −∞ ,

IN + O
(|x + i|−1

)
if x → +∞ .

(A.5)

A.2. Hölder and Zygmund Spaces
We recall the definitions of some important spaces and expose their relevant properties to
the present investigation.

For s > 0 the Zygmund space Zs(R) is defined as the Banach space of functions
with the finite norm

‖f ∣∣Zs(R)‖ = ‖f |Cm(R)||+ sup
h6=0

{|h|−ν‖∆2
h∂mf

∣∣C(R)‖} ,

s = m + ν , m ∈ N0 , 0 < ν ≤ 1 ,

where N0 := N ∪ {0} and N denotes the set of all positive integers, ∆hf(x) := f(x +
h)− f(x), ∆2

h = ∆h∆h and

‖f |Cm(R)‖ =
m∑

k=0

sup{|∂kf(x)| : x ∈ R}.

For s ∈ R+ \ N the space Zs(R) coincides with the Hölder space Cs(R) (cf. [St,
§V.4, Proposition 8]), which is endowed with the norm

‖f
∣∣Cs(R)‖ = ‖f

∣∣Cm(R)‖+ sup
h6=0

{|h|−ν‖∆h∂mf
∣∣C(R)‖} ,

s = m + ν, m ∈ N0, 0 < ν < 1.
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For s = m + ν, m ∈ N0, 0 < ν ≤ 1, the space Hs(R) of Hölder continuous
functions on R consists of functions with the finite norm

‖ϕ
∣∣Hs(R)‖ := ‖ϕ

∣∣Cm(R)‖+ sup
x,h∈R
h6=0

|∂mϕ(x + h)− ∂mϕ(x)|∣∣∣∣
x + h

x + h + i
− x

x + i

∣∣∣∣
ν . (A.6)

This norm can also be written in the two following forms:

‖ϕ
∣∣Hs(R)‖ = ‖ϕ

∣∣Cm(R)‖+ sup
x,h∈R
h6=0

|∂mϕ(x + h)− ∂mϕ(x)|∣∣∣∣
1

x + h + i
− 1

x + i

∣∣∣∣
ν

= ‖ϕ
∣∣Cm(R)‖+ 2 sup

x,h∈R
h6=0

|∂mϕ(x + h)− ∂mϕ(x)|∣∣∣∣
x + h− i

x + h + i
− x− i

x + i

∣∣∣∣
ν . (A.7)

Similarly Z s(R) denotes the Zygmund space consisting of functions with the finite
norm

‖ϕ∣∣Z s(R)‖ := ‖ϕ∣∣Cm(R)‖+ sup
x,h∈R
h6=0

|∂mϕ(x + h) + ∂mϕ(x− h)− 2∂mϕ(x)|∣∣∣∣
x + h

x + h + i
− x

x + i

∣∣∣∣
ν .

(A.8)
The space Hν(R) differs from the above defined Cν(R) since R is not compact; for

compact curves Γ the spaces Hν(Γ) and Cν(Γ) are isomorphic.
For s ∈ R+ \N the Zygmund space Z s(R) coincides with the Hölder space Hs(R)

and differs for s = 1, 2, . . . (Z s(R) contains Hs(R) as a proper subspace; cf. [St, §V.4,
Proposition 8] for details). The advantage of the Zygmund space Z s(R) (compared with
Hs(R)) is that the scale {Z s(R)}s>0 allows interpolation (cf. [Tr]).

For a positive µ > 0, µ = m + ν, m ∈ N, 0 < ν ≤ 1 we consider the following
Banach algebra

H µ(R) := {ϕ ∈ Cm(R) : (x + i)k∂k
xϕ ∈ Z ν(R), k = 0, 1, . . . , m} ,

endowed with the norm

‖ϕ∣∣H µ(R)‖ :=
m∑

k=0

‖(x + i)k∂k
xϕ

∣∣Z ν(R)‖ .

If ϕ ∈ H µ(R) by sending in (A.7) x → 0 we get

∂k
x [ϕ(h)− ϕ(∞)] = O

(〈h〉−ν−k
)

, k = 0, 1, . . . , m . (A.9)

Obviously,

g(−∞) = lim
x→−∞

g(x) = lim
x→+∞

g(x) = g(+∞) (A.10)

for all functions g ∈ Z µ(R) and g ∈ H µ(R) (cf. the definition of norms (A.6) and
(A.8)). Therefore the Banach algebra Z µ(R) of functions

ϕ(x) = ω(x)ϕ−(x) + [1− ω(x)]ϕ+(x) , ϕ± ∈ Z µ(R) , (A.11)
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where

ω ∈ C∞(R) , ω(x) = 1 for x < −1 , ω(x) = 0 for x > 1 ,

differs from the space Z µ(R) since the function ϕ(x) in (A.11) has, in general, different
limits:

ϕ(−∞) = ϕ−(−∞) , ϕ(+∞) = ϕ+(+∞) . (A.12)

The Banach algebra H µ(R) is defined similarly.
For 0 < ν ≤ 1 the spaces Z ν(R) and Z ν(Γ0), where Γ0 = {z ∈ C : |z| = 1} is

the unit circle, are isomorphic:

$∗ : Z ν(R) −→ Z ν(Γ0) , $∗ϕ(z) := ϕ

(
i
1 + z

1− z

)
, z ∈ Γ0 . (A.13)

The inverse isomorphism reads

$−1
∗ ψ(x) := ψ

(
x− i

x + i

)
, x ∈ R .

In fact,

‖$∗ϕ
∣∣Z ν(Γ0)‖ = sup

z∈Γ0

∣∣∣∣ϕ
(

i
1 + z

1− z

)∣∣∣∣

+ sup
z,z±h∈Γ0|zh−z|=|z−h−z|6=0

∣∣∣∣ϕ
(

i
1 + zh

1− zh

)
+ ϕ

(
i
1 + z−h

1− z−h

)
− 2ϕ

(
i
1 + z

1− z

)∣∣∣∣
|zh − z|ν

= sup
x∈R

|ϕ(x)|+ sup
x,h∈R
h6=0

|ϕ(x + h) + $(x− h)− 2ϕ(x)|∣∣∣∣
x + h− i

x + h + i
− x− i

x + i

∣∣∣∣
ν

and, due to (A.7),

‖ϕ
∣∣Z ν(R)‖ ≤ ‖$∗ϕ

∣∣Z ν(Γ0)‖ ≤ 2‖ϕ
∣∣Z ν(R)‖ .

The next Proposition states a certain inverse estimates to (A.9).

Proposition A.1. Let 0 < ν ≤ 1, m ∈ N0.
(i) If ϕ ∈ Cm(R) and

Ck,ν := sup
x

∣∣|x + i|k+ν∂k
x [ϕ(x)− ϕ(∞)]

∣∣ < ∞ for k = 0, 1, ..., m ,

then ϕ ∈ H m−1+ν(R) and ‖ϕ
∣∣H m−1+ν(R)‖ ≤ M

m∑
k=0

Ck,ν , where M =const

is independent of ϕ.
(ii) If ϕ ∈ H̃ m+ν(R) and

∂k
xb(x) = O

(〈x〉−k
)

for k = 0, 1, ...m , (A.14)

then bϕ ∈ H̃ m+ν(R).
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(iii) If ϕ ∈ Z̃ ν(R), 0 < ν ≤ 1, and if (A.14) holds, then bϕ ∈ Z̃ ν(R).
(iv) If ϕ ∈ Z̃ ν(R), 0 < θ < ν ≤ 1, then (x + i)θϕ ∈ Z̃ ν−θ(R).

Proof. For the proof of Proposition A.1.i and Proposition A.1.ii we refer to [ChDu, § 1.6].
Proposition A.1.iii and Proposition A.1.iv are proved by analogy to Proposition A.1.ii,
based on similar assertions proved in [Mu, Chapt.1, § 6] for a smooth curve. ¤

Remark A.2. As an example of the function b(x) in (A.15) we can take (x + i)iµ, µ ∈ R.

Corollary A.3. If 0 < µ1 ≤ µ2, the embedding H µ2(R) ⊂ H µ1(R) is continuous.

Proof. The claim follows from the foregoing Proposition A.1 and from the asymptotic
property (A.9). ¤

Rational functions

r`(x) =
∑

|k|≤`

ck

(
x− i

x + i

)k

, x ∈ R , ck ∈ C (A.15)

belong to all H µ(R) (see Proposition A.1). Let H̃ µ(R) denote the sub-algebra of H µ(R)
obtained by closing the algebra of rational functions (A.15). The algebra H̃ µ(R) is ratio-
nally dense by the definition in [BuGo] (see also [ClGo]).

In [Ta, § 1.3.4] the sub-algebra H̃ µ(R) is characterized for 0 < µ < 1 (the same
holds for all non–integer µ ∈ R+ \ N0) as follows: ϕ ∈ H̃ µ(R) iff

lim
ε→0

sup
|x′−x|<ε

x′ 6=x

|ϕ(x′)− ϕ(x)|∣∣∣∣
x′

x′ + i
− x

x + i

∣∣∣∣
ν = 0

uniformly for all x ∈ R ∪ {∞}.

Proposition A.4. If 0 < µ = m + ν < µ′ = m′ + ν′, m, m′ ∈ N0, 0 < ν, ν′ < 1, then
the embedding H µ′(R) ⊂ H̃ µ(R) is continuous and dense.

If ϕ ∈ H̃ µ(R) and

∂k
xb(x) = O

(|x + i|−k
)

for k = 0, 1, ...m ,

then bϕ ∈ H̃ µ(R).

Proof. For the proof we refer to [ChDu, § 1.6]. ¤

Let
Z ν

0 (R) := {ϕ ∈ Z ν(R) : ϕ(∞) = 0} .

Theorem A.5. Let µ ∈ R+. Then the Hilbert transform

HRϕ(x) :=
1
πi

∞∫

−∞

ϕ(τ) dτ

τ − x
(A.16)

is bounded in the spaces Z ν(R), in Z ν
0 (R), in H ν(R) and in H̃ ν(R) for all ν ≥ 0.
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Proof. Let us prove that HR is a bounded operator in the space Z ν
0 (R). Then, due to the

relations

Z ν(R) = {const}+̇Z ν
0 (R) , HRc = 0 for c = const , (A.17)

HR is bounded in Z ν
0 (R) as well. From (A.17) follows, in particular, that

HRϕ = HRϕ0 , ϕ0(x) := ϕ(x)− ϕ(∞) (A.18)

for arbitrary ϕ ∈ Z ν(R). Then, integrating by parts,

∂HRϕ = ∂HRϕ0 = HR∂ϕ0 = HR∂ϕ (A.19)

which means that the Hilbert transform commutes with the derivative ∂ := d/dt. There-
fore, due to the property (A.19), it suffices to prove the theorem for 0 < µ ≤ 1: due to
(A.19) it is easily extensible to all µ > 0.

Thus, we assume 0 < µ ≤ 1.
The Cauchy singular integral operator

SΓ0ψ(z) :=
1
πi

∫

Γ0

ψ(ζ)dζ

ζ − z

is bounded in Z ν(Γ0) for all ν > 0. For 0 < ν < 1 this is known as Privalov’s Theorem
(see [GoKr, MiPr, Mu]), for m < ν < m+1 (with m = 1, 2, . . .) it follows by a property
similar to (A.19), and for ν = m it can be derived by interpolation (cf. [DuSp, CaDuSp,
St]).

The operator $−1
∗ SΓ0$∗, transformed by the isomorphism (A.13), acquires the

form

$−1
∗ SΓ0$∗ϕ(x) =

1
πi

∞∫

−∞

ϕ(τ)
τ − i

τ + i
− x− i

x + i

2idτ

(τ + i)2
=

1
πi

∞∫

−∞

x + i

τ + i

ϕ(τ)dτ

τ − x

= HRϕ(x)−K1ϕ , K1ϕ :=
1
πi

∞∫

−∞

ϕ(τ)dτ

τ + i
.

Since the one–dimensional operator K1 is bounded in Z µ(R) → C ⊂ Z µ(R), the
operator HR is bounded in Z µ(R) for all 0 < µ ≤ 1.

Next we prove that HR is bounded in H µ(R). For this we apply the integration by
parts

(x + i)k∂k
xHRϕ = HR(x + i)k∂k

xϕ .

Applying the proved part of the theorem we proceed as follows:

‖HRϕ
∣∣H µ(R)‖ =

m∑

k=1

‖(x + i)k∂k
xHRϕ

∣∣Z ν(R)‖ =
m∑

k=1

‖HR(x + i)k∂k
xϕ

∣∣Z ν(R)‖

≤ ‖HR‖
m∑

k=1

‖(x + i)k∂k
xϕ

∣∣Z ν(R)‖ = ‖HR‖‖ϕ
∣∣H µ(R)‖ .
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HR is bounded in H̃ µ(R) because it is bounded in H µ′(R) for all 0 < µ < µ′ (see
Proposition A.4). ¤

Proposition A.6. Let µ > 0 and A ∈ Z µ(R) (or A ∈ H̃ µ(R)) be an elliptic matrix-
valued function. Then A admits the classical factorization

A (x) = [A−(x)]−1

(
x− i

x + i

)κ
A+(x) ,

κ = (κ1, . . . ,κN ) ∈ ZN , Z = {0,±1, . . .}
(A.20)

with factors [A−(x)]±1, [A+(x)]±1 which belong to Z µ(R) (or to H̃ µ(R), respectively)
and have uniformly bounded analytic continuations into the half–planes =m x < 0 and
=m x > 0, respectively.

Proof. For the proof we refer to [BuGo, ClGo]: for the space Z µ(R) the proof in [BuGo,
ClGo] is direct, while for the space H̃ µ(R) it follows from the general theorem on factor-
ization in a rationally dense and decomposable Banach algebra (cf. Proposition A.4 and
Theorem A.5). ¤
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tions 135, 107–144. Birkhäuser–Verlag, Basel 2002.

[CaSp] L.P. Castro, F.-O. Speck, Inversion of matrix convolution type operators with symmetry.
Port. Math. (N.S.) 62 (2005), 193–216.

[CaSpTe1] L.P. Castro, F.-O. Speck, F.S. Teixeira, On a class of wedge diffraction problems posted
by Erhard Meister. In: Operator Theoretical Methods and Applications to Mathematical
Physics (Eds. I. Gohberg et al.). Operator Theory: Advances and Applications 147, 211–
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operators. Birkhäuser–Verlag, Basel 1992.

[GoKaSp] I. Gohberg, M.A. Kaashoek, I.M. Spitkovsky, An overview of matrix factorization theory
and operator applications. In: Factorization and Integrable Systems (Eds. I. Gohberg et
al.). Lecture notes of the summer school, Faro, Portugal, September 2000. Operator
Theory: Advances and Applications 141, Birkhäuser–Verlag, Basel 2003, p. 1–102.
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