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1. Introduction

In 1968, I.B. Simonenko published his celebrated paper Some general questions in the the-
ory of the Riemann boundary problem [Si] that gave rise to intensive studies on Riemann
problems, singular integral and Toeplitz operators, etc. including the concepts of general-
ized factorization [ClGo], ®—factorization [LiSp] and Wiener-Hopf factorization [B6Si].
In that paper, I. Simonenko gave a rather general definition of factorization of matrices
with measurably functions as entries. He proved equivalence of generalized factorization
with the solvability of the corresponding systems of singular integral operators and gave
many properties of generalized factorization. The paper [Si] continuous to influence the
investigations more than four decades already.

This article was started during the second author’s visit to Instituto Superior Técnico, U.T.L., and Universidade
de Aveiro, Portugal, in February—March 2005.
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Among the pioneering works on the subject one should mention contributions by
T. Carleman, N. Wiener and H. Hopf, F. Gakhov, N. Muskhelishvili, M. Krein, I. Goh-
berg, I. Simonenko and many others. See also [GoKaSp] for a survey on matrix-valued
functions factorization.

During the last decades, different types of matrix factorizations revealed to be a
powerful tool for solving explicitly many problems, e.g. in mathematical physics. Recent
work on applications in diffraction theory [CaSpTel, CaSpTe3] initiated a detailed inves-
tigation of Wiener—Hopf plus Hankel operators in spaces of Bessel potentials and their
theoretical background.

The present paper continues the investigation started in [CaSpTe2, CaSp]. Some
related results on factorization of matrix symbols of pseudodifferential operators are ex-
posed in [ChDu, Sh]. Corresponding work for the circle instead of R and the factorization
theory for Toeplitz plus Hankel operators can be found in [Eh]. The present environment
is designed for further applications in mathematical physics as started in [CaSpTel].

Here we devote particular attention to factorization of matrix-valued functions with
discontinuity at infinity, which plays a crucial role in solving some problems of mathe-
matical physics. We establish a criterion for such matrix-valued functions on the real line
admit, both, an asymmetric and a classical right factorization. It yields the existence of
generalized inverses of matrix convolution type operators with symmetry [CaSpTe2] (or
Wiener-Hopf plus/minus Hankel operators), and provides precise information about the
asymptotical behavior of the factors at infinity, and of the solutions to the corresponding
equations at the origin.

2. Classical Factorization

Let .27 be a bounded matrix-valued function which belongs to the Zygmund space 2 (R)
or to the algebra " (R), 1 > 0 (see Appendix, § A.2) and is supposed to be elliptic:

;reln% |det o7 (z)] > 0 2.1

The limits o7 (+00) and &/ (—o0) might differ (in contrast to the case &7 € Z*(R) or
o/ € 7" (R) when these limits coincide) and we consider the Jordan normal decompo-
sition of the matrix

oo 1= [ (+00)] Ll (—00) = H Ny Bey (1) # . (2.2)

Here A, is a diagonal matrix of eigenvalues of .7, , Bo, (1) is upper triangular with
entries 1 on the main diagonal and ¢ is an elliptic (det #~ # 0) transformation matrix
(see Appendix, § A.1 for details).

Let A1, ...\ be all eigenvalues of the matrix @7, with the Riesz indices my, - - -,
my, respectively (i.e., \; defines m; linearly independent associated vectors for o7 ; see
[Ga]) and

1
54::T10g)\j, vy<Red; <v+1, j=1,...¢ 2.3)
i

for some v € R.
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Theorem 2.1. Letm = 2,..., and o € Z*(R) (or o € H#™(R)) an elliptic N x N
matrix-valued function. Then

o (v) = [ (2)] ' E(2) 4 (2) (2.4)
2(x) = o (+00).H (i;j)ﬂﬂ " (Ml gi;i) 1

Here:

(i) The matrix-valued functions o/ =", ﬁffl belong to 2 (R) (belong to #7"*(R)).
The factors o/ (x — it) and /= (x + it) have uniformly bounded analytic con-
tinuation for t > 0 and Mfl(ioo) = In, where I is the identity matrix of order

N.
(i) The numbers §; are defined in (2.3), the vector A := (01,...,6¢) has length N
(each §; occurs mj times according to its algebraic multiplicity), s = (51, . .., %N)

€ N are integers (known as the partial indices of </) and
A7 .= diag {h T .. hOTNY for heC

is a diagonal matrix.
(i) Bu. (2), z € C, is an upper triangular polynomial matrix-valued function related
to the Jordan normal form of <., thoroughly described in Appendix, § A.1.

Remark 2.2. The factorization (2.4) depends on a real number v € R (cf. (2.3)) which
will be fixed uniquely later depending on the space where an operator with the symbol .o
is treated.

Proof of Theorem 2.1. Let
A*(x) = (v — )2 B_ () (x) B (x)(x + 1),
() = H Lot~ (+o0) o (z) X,

where By (x) are related to the Jordan normal form of %7, and are defined by (A.4). Due
to (2.2) and (2.5), we have

(~00) = lim o (x) = H [ (+00)] " o (~00)H = Ny Bar, (1),
5271(4-00) = IEIJIrlOOJZfl(ZIJ) =1Iy.

(2.5)

(2.6)

According to their definition, the matrix-valued functions B4 (z) and B, (x) are block-
diagonal with blocks of upper triangular matrices of dimensions my, . .., mg. The matri-
ces A and (z — 4)*2 are diagonal, with blocks of equal constants (functions) of the
same dimension my, . . ., my. Therefore all these matrices commute and have the follow-
ing properties, cf. (A.1)—(A.5):

BiAgy, = Ao Bx, (z— )52 N, = Aoy (m — )2,

= 2.7
BiBy, = By, B+, Be (=2) =B, ().
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Based on (2.6) and on (2.7) the matrix-valued function .&/* in (2.5) can be rewritten as
follows

(@) = @)+ AE(), 2.8)
AE@) = (@ —) B (@) (2) - (20 BI @)@+, (29
(@) = (¢— ) B_(0)B} (o) +)>

z—i\* 1 a—i
= By [ —1
<x—|—i) oo (2m' ng—i—i)
xr—1
= By |— 2.10
oo (2m x—|—z) (x > ( )

A (z) = (2—i)>B_(z )AWBQ{ (1B (@) (x +4)2
= AwBu (1)B_(2)By! (2)(z — i) (x +1) =2

. A
1 r—1 xr—1
= AyB 1)B — 1
o B (1) Bar., (2772' ng+i> <x—|—z)
= Adew(l)%Jr({IJ) = %Jr(x)Bdm(l)Ad . (21 1)
Further, due to the definition of the function (x 4 )% (see (2.3), (2.5)),

e iNES [ InE O as @ oo,
( > :{ (2.12)
T+ AT +0((z)7Y) as a2 — —oo,
1. z—i Be (1) + 0((z)71) as @ — +o0,
By <log ,>: (2.13)
2mi Ca i By (0)=Iy+0(z)™ ) as z— —o0,

where (z) := (1 + |2|>)"/2. From (2.10)~(2.13) it is clear that @7 (—o00) = @/ (+00)
and
A e Z°(R)N A (R)  forall o>0. (2.14)

Next we prove that

ot € FP0E(R) (%i € A" TOTE(R), respectively) , 0<dp+2e<1,
(2.15)
where € > 0 is arbitrarily small and §; is defined by the relations (see (2.3))

0<dp:= max . {Re (6; —d4)} <dp+2e < 1. (2.16)
Ja=

To this end we note that
Oy (x) = O((x)~*71),  H(x):= (x) - oA (£0), (2.17)
where k = 2 in the case of & € 22(R) and k = m in the case of &/ € ™ (R). A
typical entry of %i is
5 )0 = b (@) [A) (@), Gil=0,...,N,
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with
bji(x) = (x — )" (x +14)~*[log(x —0)]"[log(z — 0)}* = & ((x)°~***)
and Propositions A.1(i), A.1(iv) with (2.12) and (2.17) yield the claimed inclusion (2.15).
From (2.8), (2.14) and (2.15) we obtain
o* € FE0E(R) (sz* € A" TOTE(R), respectively) . (2.18)

Then, due to Proposition A.6, the elliptic matrix-valued function .o7* admits a classical
right factorization

o) = [ (27) () @.19)

= (s1,...,25) €ZN, Z=1{0,%+1,...}

with factors [/*(2)]%!, [/} (z)]*! belonging to the same algebras as .&/* (cf. (2.18)).
These factors have uniformly bounded analytic continuations into the half—planes Sm = <
0 and Sm = > 0, respectively.

Since the limits 27 (00), &7*(00) exist and &7*(00) = Iy, from (2.19) there follows
[/ (00)] 1 (00) = 7" (00) = I

Therefore, without restricting generality we can assume that <7/} (co) = Iy. Then (cf.
(2.19))

Oy [ ()] = In] = O ()™ *7F71) as @ — oo, (2.20)

where k = 2 in the case of & € 2%(R) and k = m in the case of o7 € ™ (R).
From (2.5) and (2.19) we find the components of the factorization (2.4):
Ay (x) = Mo (x £0) "2 B (2) o} (2) B () (& £ ) >
= Iy + Mz +i) 2B ()| (x) — In|Bx(2)(x £ )2 22", (2.21)
My =K, M= (+00) X .
The theorem will be proved if we succeed in verifying the inclusions
(Yeor (), () F() € ZN(R), (2.22)
where k = 0 in the case of &/ € 2°?(R) and k = m — 2 in the case of & € ™ (R).

A typical entry of the matrix ,@ffl () — Inis
[/ (@) = Inlig = (2 + )70 3 i [ @) = 83| log™ 2w + 1),

I<q
O ((x)Re@p=0r)Fo0+2e=k=1) if Re §, > Re 4,
O (2) — Iy = .23)
O ((x)dor2e—k-1) it Re s, < Red,
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(cf. (2.20)), where mqq = 0 and d; is the Kroneker’s symbol. From (2.19) we have

A - = ﬂ*—IN+[IN—<;Z) ]ﬂ:ﬂﬂj—m[w*—m],

r—i\
-1
(x + z> N
+ [ = In] [In = [@*] 7],
and applying (2.18) and (2.20) we obtain

() =[] = Iy — [+ [o/*] 7! (2.24)

oy [[]% (2) — [22]5 4 (2)]

gl

N
= O(() )+ Y {1 = 0 — InTn
+O (<x>éﬁe (5j6,)+ak1)

i Vi (<$>%e (6r—5l)+a—1—k> — 0 (<x>5,++a—1—k)

where 5; = mgmx{?Re [0, — 651} = Re[d;, — ;] for a certain 1 < j, < n (note

that we have inserted 9%, { [/ |5, (x) — 61} = O((z)%+=1=1) = O ((x)~"); cf. (2.20)).

According to Proposition A.1(i), [[«/}]*! — [sz_*]il]jl € %9 ~¢(R) (we remind that
k = 0 in the case of & € 2°%(R) and k = m — 2 in the case of &7 € " (R)).
We will use the Hilbert transformation Hg (cf. (A.16)) to define the projections Pﬂf =
1
5([ + Hpy) that eliminate functions, analytic in the half—planes + 3m « < 0 (see [ClGo,
GoKTr]), and are bounded in Y (R) (see Theorem A.5); hence
* * * ok — +—
(L5 = =Py ([ — [22]F],, € AT 4(R)
and, therefore (see (A.9) and cf. (2.20)),
* + —k—

O 1515 () — INLl =0 ()T (2.25)

Inserting the obtained asymptotic for [[dj]ﬁl () -1 N} . into (2.24) and invoking (2.18)
J

once again we get a more precise asymptotical behavior

oy ([ 15 (@) = [ (@)] ;, = 0 ((2) ™)

+
WE

Vi (<I>6:'+2571+§Re (5,.751)%71@71) ny (<m>m (5j75l)+efk71)

r=1

M=

Vi <<x>§Re (5T*75,)+357k72) ny (<x>ﬂ?e (51-75,)%71@71)

,3
Il

Il
Q
—

<x>§Re (5j751)+57k71)

7



Asymmetric Factorizations of Matrix Functions on the Real Line 7

where 8, := &, + &. Thus, [[«/;]* — [,ij‘]il]jl € k=R (3;-0)-¢(R) and we
conclude, as above, [o/f]%' = + Py [[o/]*! — [efzf_*]ﬂ]ﬂ € AF—Re(8;-0)-¢(R). The
latter yields (cf. (2.20))

35 [[%i*(x)}jill — IN] =0 (<x>?Re (53'*51)4*571971) .

jl
By virtue of (2.23)
3§[W+];E11(IC) -0 <<:L,>§Re (6q—0;)+Re (53-761)«%2571971) _ ﬁ(<m>97k71)
since ¢; = ¢; and since Re (6, — 0;) +2e =6 < 1. O

For further purposes, we recall that a matrix 4 is called normal if it commutes
with its own transposed matrix BTB =B A" . Moreover, a matrix 4 is called positive
definite if

(#n,m) = Mn|*  v¥necCr

with some constant M > 0.

Lemma 2.3. If the matrix <5, in (2.2) is normal, then it is simple { = N (i.e., each
eigenvalue \; has algebraic multiplicity 1) and, therefore, oy is diagonalizable:

By () =1, o =Hdiag {M\,...., AN} H ", (2.26)

det & # 0, o=

If the matrices o/ (00) are positive definite, then </, in (2.2) is simple, the eigen-
values \1, ..., \p are all real positive numbers and, therefore,

Redy =---=Redy =0 (2.27)
Proof. For the first claim of the lemma we quote [La, Theorem 2.10.2].

The second assertion is proved in [DuSdWe, Lemma A.6] as follows. Since the
matrices & (+00) are positive definite, the square roots [« (+oo)]i1/ ? are well defined
and the matrix

A(w) = [ (+00)]""? oo () [ (+00)] /2
= [ (+00)] M o (—00) [ (+00)] /2,
due to similarity, has the common eigenvalues, the common eigenvectors and the common
Jordan chains of associated vectors with <7,. On the other hand .« is self-adjoint, i.e., is

normal and has no associated vectors as noted above. Let ), ..., ny € CV be eigenvectors
corresponding to the eigenvalues A, ..., A\y; then

szoo’r]j:)\jnj’ j=1...,N

and we get
%oo ERA)
A\ = ( (400)n;, ;) >0
(oo (=00)105,1;)
because of the positive definiteness of .o/ (+-00). This implies (2.27). ]

LThe numbers 0 in (2.3) and v; in [DuS&We, (A.32)] are related as follows: 6; = —iv;.
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3. Asymmetric and Anti-Symmetric Factorizations

In this section we present two different kinds of factorizations of matrix-valued func-
tions which display some symmetries in their structure. These factorizations are tightly
connected with the theory of convolution type operators with symmetry [CaSpTe2]

T=r .7 % 70 [L2R)]" — [L2R)]", 3.1)

and play a central role in the description of (generalized) invertibility properties of such
operators (cf. [CaSp, CaSpTe2]). Here, the operator r stands for the restriction to the
positive half-line, .% —1 and .Z are the inverse and direct Fourier transformations, % is
a measurable N x NN matrix-valued function, and /¢ denotes the even (£¢) or odd (¢°)
extension as a continuous operator from [L?2 (R+)}N into [LQ(R)]N.

We shall also make use of [L2 (R)]"Y Y
under the the projections

to be the images of the space [L2(R)}NXN

1
PE= (I & H). (3.2)
For a subspace [ X (R)]™ " of [L2(R)] NN anda weight function p, the notation [X (R, p)]~ *V
is used for the subspace of those elements Z for which pZ € [X(R)]™ ™. Additionally,
we will make use of the subspaces

NXN

L2e® )" = {#e 2@ )"

L@, )] = {# e PR p)

NxN

] :
Definition 3.1. A matrix-valued function Z € Z[L>(R)]"*" (i.e., 2 is invertible in
[L>°(R)]Y*N) admits an asymmetric generalized factorization with respect to L2 and (°,
written as

B(z) = B_(z) (z+z> Bo(r), z€R, 3.3)
ifk = (k1,...,6N), WithK1,..., Ky € Z,
B_e[Ll2® AN, @t eV, (3.4)
Be € [L2R AN @t e [L2eR, A2V 3.5)
and if
Ve=A "r AZ! (3.6)

is an operator defined on a dense subspace of [L?(R)]™ possessing a bounded extension
to [L2(R)]™, with
A =F 1B, 7, (3.7)
A =7 . 7. (3.8)
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As usual, the factor spaces (where the factors of Z can be found) are the closures
of the spaces of bounded rational functions without poles in the closed lower half—plane
C_ ={¢£ € C:S3m & <0} orof those which are even, respectively, due to the weighted
L? norm.

When all x; components of « in (3.3) are zero, we will denote the factorization as a
canonical asymmetric generalized factorization with respect to L* and ¢¢ and so we shall
use the word canonical as in other kinds of factorizations.

Definition 3.2. We will say that a matrix-valued function 2 € ¢[L>(R)]"*" admits
an asymmetric generalized factorization with respect to L* and ¢°, if it is factorable in the

form of (3.3), with & = (k1,...,&N), K1,..., kN € Z,
B_c 2@ AN B e r2® A7)V, 3.9)
B € [L2*R AN Bt e [L2e® AN (3.10)
and if
V,=A-or, A7! (3.11)

is an operator defined on a dense subspace of [L2(]R)}N possessing a bounded extension
to [LQ(R)]N, and with A, and A_ as in (3.7) and (3.8), respectively.

Given a matrix-valued function <7, on the real line, we will abbreviate by Jz,/v that
one defined by
() = (—x), ax€R. (3.12)

Definition 3.3. A matrix-valued function ¢ € Z[L°°(R)]"*" admits an anti-symmetric
generalized factorization with respect to L* and (¢

.\ 2k
T —1 ~
C(x) = €_(2) <x+z) ¢ (x), z€eR, (3.13)
with integer valued partial indices k = (k1,...,KN), K1,..., kN € Z, if:
(1) the factors belong to the following spaces
¢ e LR AN, et e @AY, (3.14)
(i1) the operator B
Uso=A_(°r AT? (3.15)

defined on a dense subset of [L? (R)}N has a bounded extension to [L> (R)]N (where
A.=F71¢_ - Fand A_ = F1¢_ - F).

Definition 3.4. We will say that a matrix-valued function ¢ € ¢[L>(R)]™ " admits
an anti-symmetric generalized factorization with respect to L? and £°, if:

(i) € is decomposed as in (3.13) with integer valued partial indices k = (k1,...,5N),
Ki,...-,kN € Z;
(i1) the factors belong to the following spaces

N 730 Vd | A 7o Al 0 W) | R
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(iii) the operator
U,=A_tor A" (3.16)
defined on a dense subset of [L? (R)}N has a bounded extension to [L> (R)}N (where

A =F7'¢ . FandA_ = F ¢ - F).

In the next result we will explore a link between asymmetric and anti-symmetric
generalized factorizations, which is useful for transferring results between the two types
of factorizations.

Lemma 3.5. Let Z € 9[L°°(R)|" " and consider € = % 5B~
() If % admits an asymmetric generalized factorization with respect to L? and (¢,

Tr—1
T+1

B(z) = B_() ( ) B.(z), z€R, (3.17)

then € admits an anti-symmetric generalized factorization with respect to L? and
L€ in the form

-\ 2K
x—1 ~
=% »! R. 3.18
‘=20 (1) A, e G.18)
(i) If€ admits an anti-symmetric generalized factorization with respect to L? and (¢,
z—i\>" ~
_ —1
%(m)—%(m)(erl) ¢~ (), r€eR, (3.19)

then 9B admits an asymmetric generalized factorization with respect to L? and (¢ in
the form

@(@:%(@(LE)H <<i+2)_ﬁ%__l(x)<@(a:)>, seR,  (320)

where ($_1> _K%fl(x)%’(x) is the even factor (cf. (3.3)).

r+1 —

Proof. We will present the proof for £¢ = ¢¢. The case ¢° = ¢° runs analogously, with
obvious changes.
(i) Assuming an asymmetric generalized factorization with respect to L? and ¢¢ for

%’
Tr—1
T+1

@(@:@(@( )K@e(a:), z €R, (3.21)

with k; € Z,j = 1,...,N, #_ € [L2 (R, \"2)] B! e (L2 (R AV,

B, € [L2®RNHVN, 31 e [L2¢(R, A2)]" " and where
Vo=F '@ - Fltor, F B F (3.22)

NXN
9
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is an operator defined on a dense subspace of [Lz(R)}N possessing a bounded extension

N . L, o
to [L%(R)]", we start by choosing the same “minus” factor %_ for the factorization of ¢
and observe in addition that

#(x) = B (x) (i;j)ﬁé_l(w) (3.23)

holds due to the even property of %.. Therefore,

W)= 20 76 = (2-0(51) ) (2@ () 7 w)

T+ T+
N\ 2K
T —1 ~
% 24
2-0(15) #). 624
with

B_c[L2RN)VNY gt e @Ay, (3.25)

or equivalently
B_ec[L2® AN, Z e E@AHYTY. 326

The supposition of having an asymmetric generalized factorization includes that
V=121 Ftr, F B F (3.27)

is a bounded operator (densely defined) in [LQ(R)]N. As in the theory of generalized
factorizations [Kr, § 9], this last condition (3.27) can be equivalently replaced by others.
In particular, together with (3.23) we obtain that

Ug=F 'B_ - Flor F B F (3.28)

is a bounded operator also (densely defined) in [L? (R)]N.
(i) If € admits an anti-symmetric generalized factorization with respect to L? and

AR
~ z—i\*" ~
C(x) = B(x) B (x) =F_(x) (x " z) ¢ (), Tz €R, (3.29)
then choosing
Be(z) = i - z> ¢ (2) B(a) (3.30)
PB_(x) =F_(x) (3.31)
it directly follows that
B(z) = B_ () (i;z) Be(r), wER. (3.32)
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In addition, due to (3.29), we have

) B0 7@ = () ) 6.3
‘5__1(17)«@7(58)@;2) ¢ z) B(), (3.34)

and therefore (cf. (3.30) and the first identity in (3.29))

x4+ x4+

. K - —K
B (z) = (”C Z) G- (z) B(z) = (”3 ’) ¢ Y 2)B(x) = Be(x), (3.35)
which in particular shows that %, is an even function.
Now, due to the anti-symmetric generalized factorization of &€, we already know
that
B_=¢_c[Ll2®RA VY, gl te2@ AN (336)
which together with the fact that 2 € ¢[L>°(R)]" *", and the form of the even function
A, in (3.30) leads to

NXN

B, € LR AN, B e [LA® AN (3.37)

Finally, similarly as in part (i), we obtain that
Vo=F '@\ Ftor, 7B T (3.38)
is bounded in [L? (R)]N (as an extended operator from a dense subspace). O

Theorem 3.6. Letm = 2,..., ¢ € Z2R) (or ¢ € H#™(R)) be a N x N elliptic
matrix-valued function and

Cro = [€(+00)] 1€ (—0) . (3.39)
Let A1, ..., \¢ be all eigenvalues with Riesz indices my,--- , my of the matrix €, and
consider the Jordan normal decomposition of €,
Coo = H Mg B (1)1 (3.40)
(cf. the Appendix A.1 for details). Further, let
64::%10g)\j, vy<Red; <~v+1, j=1,...¢ (3.41)

for some v € R, and consider

€*(x) := (v — ) B_(2)% (2) By (z)(x + i) 74, (3.42)
€1 (z) = 1 (+00)C (2)
with A = (01,...,0¢) having length N (where each 0; occurs m; times according

to its algebraic multiplicity) and B (x) are related to the Jordan normal form of €

(cf. (A4)).
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If €* admits an anti-symmetric factorization (within the later mentioned classes),

@ (z) = 6" (x) <z+§) 5" ()], (3.43)
w=(51,...,25) € ZN |

then the initial matrix € admits the factorization

€ (1) =€ (2)E(2) [¢_(2)] (3.44)
— i\ A x—i
E(x) = €(+00) X (erz) BCZO <21m,10gx+z_>f%/_1,

where the matrix-valued functions €=' belong to Z*(R) (or belong to 7™~ (R), re-
spectively), and €= (x — it) have uniformly bounded analytic continuation for t > 0.

The proof of Theorem 3.6 runs analogously as the proof of Theorem 2.1, considering
only obvious differences due to the present symmetries of the matrices. The proof is
therefore omitted in here.

This last result (together with Lemma 3.5) can be used in the description of the (gen-
eralized) inverses of convolution type operator with symmetry 7" (introduced in (3.1)), as
described in [CaSpTe2, Theorem 3.2].

A. Appendix

In the Appendix we have collected related results which either are known and are applied
in the foregoing sections, or might be useful for further considerations. In our exposition
we follow mostly [ChDu, §§ 1.6-1.7].

A.1. Jordan Decomposition

Let Z be an elliptic N x N matrix (det & # 0) and Ay, ..., Ay be the eigenvalues of

9 with algebraic multiplicities myq, . . ., myg, respectively. Hence the length of the chain
¢

of associated vectors with the eigenvalue \; is ) m; = N. Then Z has the following
j=1
decompositions

B = %/@%71 = %A@ng(l):%/il R
det.#o # 0, det# #0, (A.1)
where the matrices B and _¢ 2 are quasi—diagonal
Iz =Ap+ Hp =diag{\iln, + Hpn,,...,\elpn, + Hp, }
Bg(z) .= diag{Bm, (z),...,Bn, ()}, x€C,
B, (2) :=exp(zHp,), 2e€C,
Ag :=diag {MInm,, .. s Aelm, },
Hg :=diag{H,,...,Hpn,};
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I,,, is the identity and H,, is a nilpotent matrix that satisfies H,” = 0:

100 - 00 010 -~ 00
o10 --- 00 o o1 -~ 00

1, = ’Hm.: L. .
0 0 O 1 0 0 0 O 0 1
00 0 o1/ 00000,

The first representation in (A.1) is known as the Jordan normal form and A\I,,, + H,, is
the Jordan cell of dimension m

A1 0 0 0
0 X 1 0 0
My, + H,, = . -
0 0 0 Al
0 0 0 0 A

mXm

Since By, (z) = exp(zHp,), =z € C, and H,, is nilpotent, the exponent has a finite
expansion

m—1

— . F ok
B,.(z) = exp(zH,,):=1I,+ Z HHm
k=1
2 2’2 Zm—2 zm—l
1 = ..
1 2 (m—=2)! (m-—1)!
0 ) i Zm73 Zm72
= 1! (m—=3)! (m-—2)! , 2eC.
1
0 1

mxXm

The sets { B(2)},cc and { B (2)},cc are one parameter groups (see [Ar, §§ 14—
23]) of matrix operators, and have the following properties:

Bg(z1 + 22) = Bg(21)Bz(22) ,
Bz(0) =1y,  Bg(—2)=[Ba(z)]", (A2)
[Ba(2)]" == exp(2vHz) = Bz(yz),  z7€C.

According to the definition, e.g., in [Ga, § V.1]
b= L10 B = L/[%’—zﬂ_llo zdz
T om 8T (2m)2 & ’
r

where I is the identity matrix, I is a closed contour, surrounding all eigenvalues A1, ..., Ay
of # and leaving outside the negative real half-axes Re z < 0. We assume logz :=
log |z] + iArgz, —m < Argz <.
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Here is the “purely algebraic” definition of the above presented logarithm:

1 o (—1)k 1

27i k!
k=0
1
= %/{A—i—,H@}%l, (A.3)
2mi
1 . 1
A= —,logA%:dlag{ 51,...,51,...,657...,515}, 0j == —log ;.
211 ~—— —_—— 2me
mq —times my—times

Introducing the notation
1 .
By(x):= Bg <27m log(z + z)) , (A4)

where the branch of the logarithm is fixed in the complex plane cut along the ray {z €
C :argz =7}, we find (cf. (A.2))

1 xT—1\ 1
By <2m'10gac+i> = B_(z)B; (v)
[Bz(1)]™t+ O (lx — i) if x— —o0,
In+ 0 (Jz+i™") if z— 4o00.

(A.5)

A.2. Holder and Zygmund Spaces

We recall the definitions of some important spaces and expose their relevant properties to
the present investigation.

For s > 0 the Zygmund space Z*(R) is defined as the Banach space of functions
with the finite norm

If|Z*®)] = [l flC™(R)]] +iirg{Ih\‘”IIAiamf\C(R)H},
s=m+v, meNy, 0<v<l1,

where Ny := N U {0} and N denotes the set of all positive integers, Ap, f(x) := f(x +
h) — f(I), A% = AhAh and

m

IfIC™(R)|| = sup{|0* f(x)| : = € R}.
k=0

For s € RT \ N the space Z*(R) coincides with the Holder space C'*(R) (cf. [St,
§ V.4, Proposition 8]), which is endowed with the norm

If|C* @) = [If[C™(R)] +21;15{\hl_”HAh@’”f!C(R)II},

s=m+v, meE Ny, 0<rv<l.



16 Castro, Duduchava and Speck

For s = m+ v, m € Ny, 0 < v < 1, the space H*(R) of Holder continuous
functions on R consists of functions with the finite norm
0™ p(z + h) — 0™ p(z)]

H*(R C™(R)| + L A6
le[H*R)] = [l#| )l sup " - (A.6)
€R _
A |zt hti w4

This norm can also be written in the two following forms:

0™ p(x + h) — 0" p(z)

lo|H*(R)| = llo|C™(R)|| +  sup . o
z,heR _
h#0 r+h+i x+1

0™ p(x + h) — 0™ ()|

C™(R)|| + 2 . (AT
= [e|lC™®)] sup (A7)
z,h€R _

A |zt hti ozt

Similarly 2°¢(R) denotes the Zygmund space consisting of functions with the finite
norm

[0 o(x + h) + 0™ p(x — h) — 20™p(z)] .

le|Z°R)]| == lle|C™(R)|| + sup -
o heR r+h oz
h#0 r+h+i x4+

(A8)

The space H” (R) differs from the above defined C* (R) since R is not compact; for
compact curves I the spaces H”(T") and C” (I") are isomorphic.

For s € R*\ N the Zygmund space Z°*(R) coincides with the Holder space H*(R)
and differs for s = 1,2,... (Z°°(R) contains H*(R) as a proper subspace; cf. [St, § V.4,
Proposition 8] for details). The advantage of the Zygmund space 2°*(R) (compared with
H#(R)) is that the scale {2°°(R) } s~ allows interpolation (cf. [Tr]).

For a positive u > 0, u = m + v, m € N, 0 < v < 1 we consider the following
Banach algebra

H'R) = {p e C™(R): (x+i)*Fpec Z'R),k=0,1,...,m},

endowed with the norm
el ®) = Yl +i)*oke] 2 (R)

If ¢ € *(R) by sending in (A.7) z — 0 we get

Oplp(h) — (o)) = 0 (()™"F) . k=0,1,....m. (A9)
Obviously,
g(=o0) = lim g(z)= lim g(z)= g(+o0) (A.10)

for all functions g € Z*(R) and g € #*(R) (cf. the definition of norms (A.6) and
(A.8)). Therefore the Banach algebra 2°#(R) of functions

(@) = w(@)o_ (@) + L —w(@)lps (@),  pe€ Z'R),  (ALD
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where
w e C™(R), wx)=1 for xz<-1, w(x)=0 for x>1,
differs from the space Z°*(R) since the function () in (A.11) has, in general, different
limits:
p(=00) = p_(=20),  P(+00) = py(+00). (A.12)

The Banach algebra s##(R) is defined similarly.
For 0 < v < 1 the spaces 277 (R) and 2% (T'g), where T'o = {z € C : |z| = 1} is
the unit circle, are isomorphic:

w*;quy_fyqno,zm¢@y:¢(f+z>, 2eTy.  (A3)

1—=z2

The inverse isomorphism reads

w () ;:w(x_l) , zcR.

In fact,

|| 2 (To)| = sup

z€lg

1
2.1+th ) i1+z
l—zh 1—2z_p 14 1—=z

|2n — 2|”

+ sup
z,z4+p €l
lzn—z] jfz h—2|#0
lp(z +h) + w(@ — h) — 2p(z)]
c+h—i x—1il”
c+h+i z+i

=sup|p(z)| + sup
z€R z,heR
h#£0

and, due to (A.7),
lp| 2" (R < [l 27 (To)ll < 2[l0| 27 (R)]]-
The next Proposition states a certain inverse estimates to (A.9).
Proposition A.1. Let 0 < v <1, m € Ny.
() Ifp € C™(R) and
Ch,y == sup ||z + i) ¥ p(x) — p(0)]| <o for k=0,1,...,m,

then ¢ € ™ 1T (R) and ||| ™ (R)|| < M Y C,y, where M =const
k=0

is indepg\n/dent of .
(i) If o € ™ (R) and

ob(z) =0 ((x)™%) for k=0,1,..m, (A.14)
then b € A+ (R).
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(iii) Ifo € Z¥(R), 0 < v < 1, and if (A.14) holds, then bp € Z" (R).
(v) If o € Z¥(R), 0< 0 < v < 1, then (x +i)’p € ZV9(R).

Proof. For the proof of Proposition A.1.i and Proposition A.1.ii we refer to [ChDu, § 1.6].
Proposition A.1.iii and Proposition A.l.iv are proved by analogy to Proposition A.1.ii,
based on similar assertions proved in [Mu, Chapt.1, § 6] for a smooth curve. O

Remark A.2. As an example of the function b(x) in (A.15) we can take (z + 1), u € R.
Corollary A.3. If0 < py < o, the embedding 742 (R) C 7" (R) is continuous.

Proof. The claim follows from the foregoing Proposition A.1 and from the asymptotic
property (A.9). (|

Rational functions

-\ k
W(x)_ch<i+z> , z€R, ¢ €C (A.15)
|k|<e

belong to all 5##(R) (see Proposition A.1). Let VG (R) denote the sub-algebra of 7#(R)

obtained by closing the algebra of rational functions (A.15). The algebra 5#*(R) is ratio-
nally dense by the definition in [BuGo] (see also [C1Go]).

In [Ta, § 1.3.4] the sub-algebra Y (R) is characterized for 0 < p < 1 (the same
holds for all non—integer 1 € R™ \ Ny) as follows: ¢ € ##(R) iff

) o(r') — p(x
R (e
|’ —x|<e _
@' #w 41 x4

uniformly for all x € R U {oo}.

Proposition Ad. If0 < pu=m+v <p' =m'+v,mm' € Ny, 0 <v,v/ <1, then
the embedding 7" (R) C #"(R) is continuous and dense.
If o € " (R) and

okb(x) = O(lz+i™%) for k=0,1,..m,
then by € jffm(R).
Proof. For the proof we refer to [ChDu, § 1.6]. ]

Let
2y (R) :={p € Z¥(R) : @(o0) =0} .
Theorem A.5. Let u € R, Then the Hilbert transform
1 7 T)dTr
Hgo(z) == — / glr)dr (A.16)

v T—T
— 00

is bounded in the spaces Z¥ (R), in 2y (R), in 7" (R) and in A (R) forallv > 0.
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Proof. Let us prove that Hy is a bounded operator in the space 2} (R). Then, due to the
relations

ZY(R) = {const}+27 (R), Hgc=0 for c¢= const, (A.17)
Hpy, is bounded in 2 (R) as well. From (A.17) follows, in particular, that
Hryp = Hryo , eo(z) := p(x) — p(c0) (A.18)
for arbitrary ¢ € Z(R). Then, integrating by parts,
OHgryp = OHrypo = HrOpg = HrOp (A.19)

which means that the Hilbert transform commutes with the derivative 0 := d/dt. There-
fore, due to the property (A.19), it suffices to prove the theorem for 0 < p < 1: due to
(A.19) it is easily extensible to all ;+ > 0.

Thus, we assume 0 < p < 1.

The Cauchy singular integral operator

Sfodj /
™ —Z

is bounded in 2% (I'y) for all ¥ > 0. For 0 < v < 1 this is known as Privalov’s Theorem
(see [GoKr, MiPr, Mu]), form < v < m+1 (withm = 1,2,...) it follows by a property
similar to (A.19), and for v = m it can be derived by interpolation (cf. [DuSp, CaDuSp,
St]).

The operator w; ! St, ., transformed by the isomorphism (A.13), acquires the

form
/ 2idr _i/x%—up( T)dT
i T—l_x—l(7+i)2_7ri T+1 T—T

w*_lsrow*@(x)

T r i x4 e
[ o)
1 p(T)dT
= Hro(z) — K19, Kyp = 7'('2/7'74-1

Since the one-dimensional operator K is bounded in Z*#(R) — C C Z*(R), the
operator Hy, is bounded in Z°#(R) forall 0 < p < 1.
Next we prove that Hy is bounded in s#*(R). For this we apply the integration by
parts
(z +9)*0F Hrp = Hp(x +i)* 0k
Applying the proved part of the theorem we proceed as follows:

|Hep| " R)| = Y ll(x+1i) 0k Hrp| 2 (R ”—ZHH]R z +1)* 00| 2" (R
k=1
< IIHRHZ I(z +3)* 05| 2" (R)| = | Helllle|£*(R)] -
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Hpy is bounded in %A”J“(R) because it is bounded in .7 (R) forall 0 < p < pi/ (see
Proposition A.4). O

Proposition A.6. Let yu > 0 and o/ € Z"(R) (or & € S #(R)) be an elliptic matrix-
valued function. Then <7 admits the classical factorization
T —1

oa) = [ @] (21) tele).
w=(se1,...,%n) €ZN, Z=1{0,%1,...}

(A.20)

with factors [/ (x)]F1, [/, (2)]F! which belong to Z°*(R) (or to VL (R), respectively)
and have uniformly bounded analytic continuations into the half-planes Sm x < 0 and
Sm x> 0, respectively.

Proof. For the proof we refer to [BuGo, C1Go]: for the space Z*(RR) the proof in [BuGo,
ClGo] is direct, while for the space .72 (R) it follows from the general theorem on factor-

ization in a rationally dense and decomposable Banach algebra (cf. Proposition A.4 and
Theorem A.5). O
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